Available online at www.sciencedirect.com
JOURNAL OF

SCIENCE@DIRECT" GEOMETRY anp
PHYSICS

ELSEVIER Journal of Geometry and Physics 56 (2006) 1709-1727
www.elsevier.com/locate/jgp

Darboux related quantum integrable systems on a
constant curvature surface
A.P. Fordy*

Department of Applied Mathematics, University of Leeds, Leeds, LS2 9JT, UK

Received 19 May 2005; received in revised form 3 September 2005; accepted 5 September 2005
Available online 22 November 2005

Abstract

We consider integrable deformations of the Laplace—Beltrami operator on a constant curvature surface,
obtained through the action of first-order Darboux transformations. Darboux transformations are related to
the symmetries of the underlying geometric space and lead to separable potentials which are related to the
KdV equation. Eigenfunctions of the corresponding operators are related to highest weight representations
of the symmetry algebra of the underlying space.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

In this paper we consider the Laplace—Beltrami operator of a space of constant curvature and
build integrable potential functions through Darboux transformations related to the symmetries
of the underlying geometric space. We start by recalling some basic geometric facts.

For an n-dimensional (pseudo-)Riemannian space, with local coordinates xl, ..., x" and metric
8ij> the Laplace—Beltrami operator is defined by

n
1 9 o of
Lof=) — (@g’f ) ¢)
J 1
] /8 0x ox
where g is the determinant of the matrix g;;. When the space is either flat or constant curvature, it

possesses the maximal group of isometries, which is of dimension %n(n 4+ 1). The infinitesimal
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generators (Killing vectors) are just first-order differential operators which commute with the
Laplace—Beltrami operator (1). This is always the case, whenever the space has isometries, but in
the case of flat and constant curvature spaces, Ly, is actually the second-order Casimir function
of the symmetry algebra (see [6]). Since we are not going to be involved in tensorial calculations,
there is no need to use upper and lower index notation. All coordinates will carry lower indices
in what follows.

In this paper, we restrict attention to the case n = 2, but the approach is easily applied to higher
dimensions. Constant curvature metrics of a given scalar curvature are related through coordinate
transformations. In Section 2, we introduce a specific form of metric and its symmetry algebra
(Killing vectors). We then give the form of various separation coordinate systems, which will be
used later in the paper.

We use first-order Darboux transformations to add a potential functions to this differential
operator in such a way that it still possesses a number of first integrals. We are therefore led to
consider the operator defined by

Lf =Lyf +uf (2)

where u is a function of the coordinates. Such Darboux transformations are related to the symme-
tries of the Laplace—Beltrami operator and lead to the separability of the operator L. The resulting
Darboux transformations are closely related to those of the one-dimensional Schrédinger operator
and the well known KdV Bicklund chains. These give rise to very specific potential functions
for which eigenfunctions can be explicitly calculated. It should be recalled that in the general
separable case, the construction of eigenfunctions is reduced to the solution of a number of first-
or second-order ordinary differential equations, which need not be explicitly solvable. This is
analogous to the classical case of “integration up to quadrature”. However, in the quantum case
the problem will be reduced to one or more one-dimensional Schrodinger equations, which still
need to be solved.

Eigenfunctions of the Laplace—Beltrami operator are constructed as highest weight represen-
tations of the symmetry algebra and these are used to build eigenfunctions of the Darboux related
operators. These operators are shown to possess a commuting operator, which then acts invariantly
on the eigenspaces of L.

For special potentials there exist more than n (independent) commuting operators (only n of
which are in involution). Such systems are called super-integrable. We consider these in Section
6.

2. The metric and its symmetries

The coefficients of leading order terms in the Laplace—Beltrami operator are the coefficients
of the inverse metric g. We consider the constant curvature metric with inverse:

¥ xy

ij_
xyyr—y

3

Remark 2.1. The choice of coordinates here is motivated by the relationship to Krall-Sheffer
operators [9], but otherwise quite arbitrary. We later introduce a variety of separation coordinates,
which will actually be used in most calculations.
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A convenient basis of Killing vectors is

H=4x0,, E=2/xydy, F=4/xyo+2(y— 1)\/?8y, 4
X
satisfying the standard commutation relations of s/(2, C):
[H,E]=2E, [H,F]=-2F, [E,F]=H. 5

The Laplace—Beltrami operator for the metric (3) is proportional to the quadratic Casimir operator:
g 242 2 >, 3 1
Ly = R(H + 2EF + 2FE) = x”8; + 2xy0,dy + (y° — )3 + gxax + 5(3y — D)ay.

(6)

Since the Killing vectors commute with Ly, they act on its eigenfunctions without changing
eigenvalue, corresponding to degeneracy. We can therefore use the representation theory of s/(2, C)
to build eigenfunctions of Ly,. In general, the symmetry algebra of Ly, plays no role when a potential
is added. An exceptional case is when the potential is an invariant function of one of the geometric
symmetries of Ly, but this is rather trivial. Later we see that symmetries play a role in Darboux
transformations, which enable us to build special potentials whose eigenfunctions can be built out
of those of the “bare operator” Ly. However, we first consider the construction of second-order
operators and separable coordinates.

Suppose the operator

Iy = K07 +2K"20,0y + K207 + k' 05 + K20y + v(x, y)

commutes with the operator (2). Then K i are components of a rank two Killing tensor (see [3]).
For flat and constant curvature metrics these are built out of Killing vectors by symmetric tensor
products [2,8]. The function v(x, y) then satisfies a pair of first-order partial differential equations,
whose integrability conditions give rise to a second-order partial differential equation for u(x, y).
Writing this operator in characteristic coordinates leads to separation of variables. We give three
examples below in order to collect formulae for later sections. There is a considerable amount of
freedom in choosing separation coordinates. We choose coordinates which render the metric in
diagonal, conformally flat form.

Remark 2.2. In two dimensions all metrics are conformally flat. However, in all dimensions,
spaces of constant curvature are automatically conformally flat. The construction used here is
specifically tailored to this case and can therefore be used in higher dimensional examples.

If we are just interested in separable systems, we could take any quadratic expression in Killing
vectors. However, we find that as a consequence of building a potential function by the application
of a sequence of first-order Darboux transformations, the resulting operator L commutes with a
second-order operator of specific form

L =K+, y),
where K is a Killing vector. For this reason, the examples below are of this form.
Example 2.1 (The Killing tensor H?). Suppose

I = H? + v(x, y) = x28)2c + x0x + v(x, y).

If I; had been a general second-order differential operator, the expansion of [L, I1] = 0 would
have contained terms of all orders from three to zero. Since H? is a Killing tensor, the third- and



1712 A.P. Fordy / Journal of Geometry and Physics 56 (2006) 1709-1727
second-order terms automatically vanish. The first-order terms give us

vy =1 — Yuy, vy=xuy = Oplxux+(y— Duy+u)=0, (7
with general solution

y—1

-1
+uz(y), v(x,y)=—uj (yx) .

u(x,y) =
We see the characteristic property of a separable system in two dimensions, with the potential
depending upon two arbitrary functions of a single variable. These (or any function of them) are
the separation variables for the operator (2) with this potential, which is itself a consequence of
our choice of second-order Killing tensor. We choose functions

y—1
q1 = 01 T s q2 = 02(y)
such that
X " /
7191+ 0, =0,
LbQi =0= e /" 1 1 /
yo—-D05+ 58y —10; =0.

Remark 2.3. This condition generally holds in two dimensions for metrics in “Riemannian” form
(explicitly conformally flat). In higher dimensions a slightly more complicated condition holds.

This gives the coordinates

1 1 1
qlzln( x )’ q2=1n<ﬁ+ >’
4 y—1 4 Jy—1

e4ql 2
SO X= —7+——, = coth“(2q»),
sinh2Q2q) (242)
after which (relabelling u;)
L= inh2Qa)@ — & + urgn) — ua(ga) Iy = 8% + ui(q1) 8)
=716 q2)\07 o T U1lg1 uz(q2)), 1 =01 T ui(gqi
and
1
H=9, E= —Ee% (cosh(22)d; + sinh(2¢2)d2),

F= %e‘z‘“(cosh(qu)a] — sinh(2¢2)d2).
The fact that g1 “straightens” H is a consequence of our choice of Killing tensor.
Example 2.2 (The Killing tensor E?). Suppose

I = E? + u(x, y) = 4xy8§ + 2x0y + v(x, y).
Once again, the expansion of [L, /1] = 0 contains only first- and zeroth-order terms giving

vy =4dyuy, vy =—dxuy = Oy(xux+ yuy +u) =0, ©)
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with general solution

Yy
u(x, y) = ui(x) + @ v(x, y) = —4us (%) .

Again the potential depends upon two arbitrary functions of a single variable. This time we choose
the coordinates

I y 1 %

‘Hzﬁv 5122\/;7 Songv)’:g,
after which (relabelling u;)

L= iq%(a% — B +uilgn) —uag), I =8 +ug) (10)
and

H=-2qid + @), E=,  F=-200pd - (g +¢)d.
This time E is “straightened”.
Example 2.3 (The Killing tensor F2). Suppose

I1 = F2 4 v(x, y) = 16xy9% 4 16y(y — 1)d,0,

— 1) — 1)y
+47y(yx " # 4Gy — 1o, + 22 - )

dy + v(x, y).

Once again, the expansion of [L, /1] = O contains only first- and zeroth-order terms giving

4y(1 —y) 41 +y)
Uy = %(qux + (y — Duy), vy = P

xuy + (y — Duy),

with integrability conditions

1 1
(14 Pite + 230 = DY + Dty + 290y = D2y

+x(2y — Duy + (y — D?uy =0. (11)
This is a hyperbolic equations with characteristic coordinates
x JAY (45 — q7)° B
q1 = f 92 = . sox =2 y=22
y—1 y—1 ‘R 9

These were once again chosen to render Ly, in “Riemannian” form. In these coordinates, (11)
simplifies to

1
qutgg, —2g, =0 = u(qi.q2) = Zq%(ul(ql) — ua(q2)).

The operators L and /1 now take the form:

L= %q%(a% — 0 +ui(g) —ua(g). N =35+ uaqa) (12)
with

H =2(q101 + ¢202), F =0y, E = 2919201 — (4] + 43)d.
This time F is “straightened”.
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Involution. Since the changes of coordinates in Examples 2.2 and 2.3 lead to exactly the same
form of operator (same metric), we have the following transformations:

g1 = qi Gr = q2
B-q % —4q;
with inverse ¢ = _zqil_z q = _26]72_2 (13)
95 — 41 95 — 47

where we have used (¢1, g2) and (g1, g2) to represent the two different cases (related to a single
point (x, y)). Since the transformation and its inverse have the same form, this is an involution,
which, in fact, gives a concrete realisation of the Lie algebra automorphism:

E < F, H—> —H.

On the other hand, thinking of the separated metric as the “fixed object”, we have an involution
which realises the same automorphism in the (x, y) coordinates:
-1

X = ; y=y (14)
X

3. Eigenfunctions of the Laplace—Beltrami operator

We use the highest weight representations of the symmetry algebra s/(2, C) to construct eigen-
functions of Ly. Since H and Ly, commute, they share eigenfunctions and for H these are built by
the highest weight construction. Furthermore, starting with any eigenfunction of Ly, we may use
the symmetry algebra to construct further eigenfunctions (with the same eigenvalue). Since this
eigenspace is invariant under the action of s/(2, C) (by construction), it can be decomposed into
irreducible components, which are just weight spaces. Therefore, all eigenfunctions of Ly can be
written as linear combinations of those we construct below.

A highest weight vector Y, of weight 2m, satisfies

Ey{ =0, Hy" = 2my T,
which constitute a pair of partial differential equations for the eigenfunction. These are compatible
on the zeros of the differential operator E, since

HEy — EHy{' = 2Ey{' = 0.
The specific form of /" depends upon m and upon the choice of representation for s/(2, C).
However, the general structure of the representation is independent of this specific form, being a

consequence only of the commutation relations (5) (see [7]).
Defining " = F"*~ !y the commutation relations imply:

Hy =2m+1—ny, Byl =0 —1D2m+2—n)yl . (15)
Our definition of Laplace—Beltrami operator Ly, as Casimir operator (6) implies that
1
Loyt = Zm(m + Dyrt,  forall m,n.

We can also construct a three-point recursion relation between these eigenfunctions, but this
is explicitly dependent upon the representation. Let

H=h10; + h20,,, E = e10;, + €20, F = fi10; + f290,,,
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where h;, etc are functions of the coordinates z;. We have (with w,, and a, defined by (15))

Hyn' =il | (O ) _ L (e —ha) (pady (16)
Ey) = a, ¥ Ir ¥ hiez —ethy \ —e1 hi an¥yy )

The relation ", | = F;" then implies that

fiea —ei fo h1f2 — fih
Up1 =¥y + T ————an ¥y a7
hiex —erhy hiex —erha

When this is singular the representation reduces to one dimension.
For the three examples presented in Section 2, we give the explicit formulae.

The Killing tensor H”. Here

m equ m
= (sinh2q2> ’

Y = 20m 4+ 1 —n)e M cosh 2oy + (n — DQ2m +2 —mye My . (18)

The Killing tensor E2. Here
,(//_ll’n . qu
=q;",
Yl =20m + 1 — )@yl + (0 — D@m +2 - n)g} — gDyl (19)

The Killing tensor F>. Here

= <Q%—Q%>m’
q1
— 12 2—
zwz1 + (n )(2m +2 n) 1//],1,,71- (20)

YL = 20m + 1 — n)—
95 — 971 9 — 91

The cases of E2 and F2 are related through the involution (13). For instance,
2 2\ "
_ q1 — 4
vf'ln:qlm (—)Ip}ln = <1q1 2)

under the involution.
When m is an integer, these representations are of finite dimension 2m + 1 and irreducible,
but infinite dimensional otherwise.

4. Darboux transformations

Darboux transformations are analogous to similarity transformations in matrix theory. We
require an intertwining operator between two operators of type (2), with the same Ly, but different
potentials:

Li=Ly+u, i=1,2, LD =DL, + 6D, 1)
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where D is a differential operator (if D is just a function, this is a “gauge transformation”). When
8 = 0, (21) is isospectral, but otherwise

L1y =1y = Lao(Dyr) = (A + 8)(DY). (22)
The simplest case is when D is a first-order differential operator:

D = a(x, y)0x + b(x, y)dy + w(x, y)
with which the leading order term of (21) is the second order operator

[Ly, a(x, y)9x + b(x, y)d,],

which should therefore vanish. This is the condition that a(x, y)dx + b(x, )0y is a Killing vector
field of the metric. We therefore choose the differential part of D to be any linear combination of
the basis elements H, E, F.

We consider operators L, = Ly, + u,(q1, g2), where, the suffix n refers to the sequence of
operators created by a succession of Darboux transformations:

Ln—HDn =DyLy+6,Dy, Dn=K+w,, (23)

where K is the chosen Killing vector. This gives rise to a Bécklund chain which is closely related
to that of the KdV equation.

The first integral 11 (presented for particular examples in Section 2) is then just the Darboux
transformations of the corresponding quadratic Killing tensor K?:

(K? 4 v,41)Dp = Dyu(K* + vy). (24)

The function v, is a separated part of the potential u,, (see examples below). The equations on
wy, and u,, implied by this, are the same as those implied by the Darboux transformation (23).

We can use any coordinate system for our calculations, but adapting coordinates to the par-
ticular Killing field is convenient. This means choosing one coordinate ¢;, such that a(x, y)d, +
b(x, y)dy = 9;, after which we find that w(x, y) = w(g;). In the examples below, we use the coor-
dinates introduced in Section 2, but sometimes transform back to the original x — y coordinates
of the metric (3).

4.1. The operator (8) with Killing tensor H>

We consider operators

|-
Ly = ¢ sinh*2g2)(0] — 3 + un(g1. 2)).

where for this calculation, we have not yet separated the potential. As above, the suffix n refers
to the sequence of operators created by a succession of Darboux transformations:

Ly11Dy = DyLy + 8,Dy, Dp =01 + wu(q1), (25)
leading to
, 164, , ’
Un+1 =ty — 2w, (q1) — S’ un = wy(q1) — wy(q1) — on(q2).
These give two formulae for u,,4 1, which can be equated, leading to the following Bécklund chain:

165,
sinh?(2g2)

’

/ ’ 2 2
Wypp + Wy + W, — Wy —Onyl +0n +
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which separates into the pair of chains

166,
T sinh?Qq)
The functions w;,(g1) satisfy the standard Biacklund chain of the one-dimensional Schrédinger

operator of KdV theory [10,11], so the solutions are well known. For a given solution of w,,, u,,
the transformation of Example 2.1 gives a potential in terms of x, y.

/ / 2 2
Wy g+ W, W, — W, 1 =V, Ontl—0p VYn- (26)

“Soliton” solutions. With w,, = —(n + 1) tanh g, we get
Ya = —2n —3,uy = n(n + 1)sech’q; — (n + 1)> — 0,(q2). (27)
Withog = —1 and 8, = —(n + 1) we have
1 1
= —% —(n+ 1)2 and u, =nn + l)sechqu + @
sinh” 2¢g» sinh” 2¢g»
Rational solutions. With w, = —”qil], we get
nn+1)
vn =0, Up = ———>— — on(q2). (28)
Gl
Withog =0 and §,, = —é(n + 1) we have
nn+1) nn+1) nn+1)
=———5— and u, = — 5 — -
sinh” 2¢q» sinh” 2¢q» a7

The first integral /. Under the Darboux transformation the first integral satisfies the “usual”
KdV Darboux transformation

0F + tnt1,1(@)@1 + wa(gD) = @1 + wa(q)@T + n,1(q1)),
where 01 = H, with u,, 1(g1) denoting the separated g1-dependent part of the potential u,(q1, 2).

4.2. The operators (10) and (12) with Killing tensors E? and F?

We can treat Examples 2.2 and 2.3 together, since in their respective separation variables they
lead to the same operator

1
L, = Zq%(a% — & — un(q1, q2)),

where again, we have not yet separated the potential. These are related through a succession of
Darboux transformations:

Ln—i—an =D,L, +6,Dy, D=0+ wi(q2), (29)
leading to
/ 48" / 2
Unt1 = Up — 2w, (q2) — 7 up = w,(q2) — w;,(g2) — Gu(q).
1
As before, we obtain the following Béicklund chain:

/ / 2 2 45, _
Wy + Wy, + W, — Wy — Opt1 +0p + q2 =0,
1
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which separates into the pair of chains
/ / 2 2 _ 48" _
Wy + Wy, + Wy, — Wy = Va, Jn+1—an—?_yn. (30)
1
The functions w;(q2) satisfy the same Bécklund chain, with the only difference being in the
relation satisfied by o,(g1). For a given solution of w,, u,, the respective transformations of
Examples 2.2 and 2.3 give (generally) two different potentials in terms of x, y.
“Soliton” solutions. With w,, = —(n + 1) tanh g;, we get

Ya=—2n—3, u,=nn+1)sech’ g — (n+ 1)> — 6,(q1). (31)
Withoyg = —1 and §,, = —%(n + 1) we have
1 1
oy = =D 12 and uy = n(n + 1) sech? ga + M
CI] ql
Rational solutions. With w,, = —"q—H we get
nn—+1)
va=0, u,= ——s 0.(q1). (32)
a3
Withog =0 and §,, = —f(n + 1) we have
nn—+1) nn+1) n(n + 1)
Oy = —72 and U, = 5
q7 q7 q2
Adler-Moser rational solutions. With w, = —d,, log ¢,(q2), we get u, = —%’;’/ — ou(q1)-
The further substitution
Py (q2) 2
Yn = #(qz) = PPy — P Py =Q2n+3)P;.
It can be shown [1] that the functions P,, recursively defined by this formula (with P_y = 1, Py =

q2) are polynomials (just the “r-functions” for the rational solutions of the KdV equation). The
degree of P, is %(n + 1)(n + 2). Some of the lower members of this list are given by

Py=q2, Pi =q%+t1, Pz—qg—i-Sth%—Stf,
1 n—2q3 + 20143 + 1082
Wy =——, W = ————— 2y, = 3q2 A 13q2,
q2 (g5 + 1) ¢ + 61145 — 5t (33)
2 43 — 211q2
ug =0, = —— —oi(q1), ur = -6 212 _55(g))
a3 (@3 +11)?
where once again we choose o, = —"(';7;“). When #; = 0, these formulae reduce to the previous
1

case of “rational solutions”.
The first integral /;. Under the Darboux transformation the first integral satisfies the “usual”
KdV Darboux transformation

(33 + tn11,2(92)) (B2 + Wa(q2)) = (82 + wu(g2))(D3 + tn 2(q2)),

where d» = E or d = F, depending upon the case and where u, 2(q2) denotes the separated
g»-dependent part of the potential u,(q1, g2).
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Remark 4.1. With 1 = —12¢, the Adler—Moser potential satisfies the KAV equation

Qg3 + 241)

, 1) = = —6
0(q2.1) =uz @ — 1207

= 01 = Qggrqy +600,.

The operator I} = 8% + Q(q2, t) is the usual Lax operator, satisfying
Ly =[P 1],

where
P =43 +60% +30,,,

but we may also use the above L, which also satisfies L; = [P, L].
5. Eigenfunctions of Darboux related operators

We have seen how to construct the eigenfunctions of the Laplace—Beltrami operator Ly, through
the representation theory of the symmetry algebra (in this case s/(2, C)). Formula (22) shows that
a Darboux transformation carries forward these eigenfunctions, as well as building the potential
functions. For each m we start with " and build " with the recursion relation (17) (or just
by acting upon v{* with F) to build the eigenfunctions of Ly. We then act on these with D;, i =

0, 1, ..., to construct the eigenfunctions of L1, L», ..., defined by
1 n—1
Yin = Daot DYy With Loy, = dmaVis Amn = gmm+ 1D+ 8.
i=0

(34)

For each n, eigenspaces of L, are invariant under the action of the first integral / f"). Depending
upon the example, / in) may act as a “ladder operator” or may act diagonally on the sequence ¥, .
We may consider this as a “ghost” of the action of part of the symmetry algebra of Ly, which

generally do not act invariantly on these eigenfunctions.

5.1. The case D= H +w

Since K=H, I in) is Darboux related to H? through the isospectral relation (24). Since ;"
satisfies

H2y!" = piyl,

with u; = 2(m + 1 — i), the eigenfunctions

m
i,n

satisfy
2
LoVfly = hmatVfl, and VY7, = wivi,.
The first two eigenfunctions of Ly, are

2
m_ ¢ mqy P = 2P cosh 2¢> (35)
U™ (sinh2g2)"’ 2 (sinh2¢o)" "

We consider two examples of Darboux transformation.
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The “Soliton” potentials. With w,, = —(n + 1) tanh q;, we obtain the “soliton” potentials
(27). Using the Darboux transformation Dy, we find

o = 2 (2m — tanh q1)
L1 (sinh 2¢>)™

Now using the Darboux transformation D, we find

me2m=Dai (2(m — 1) — tanh g1) cosh 2q2.
(sinh 2¢go )™

o = (4m> — 1 — 6m tanh g1 + 3 tanh? ¢1)
1.2 (sinh 2¢go )™

(4(m — 1)> =1 — 6(m — 1) tanh ¢; + 3 tanh? ¢1) cosh 2¢»
(sinh 2g2)™ ’

These eigenfunctions are being generated algebraically, with no control over analytic or asymp-

’

W = 2mem—Dar

totic properties. However, the well known bound states of 1 {"), for each n, are included.

Whenm = %, the eigenfunction ¥, is the bound state for / %

D - 8% + 2sech? q1, with eigen-
value u? = 1.

When m = %, the eigenfunction

tanh g1 sech q;

y——
127 /sinh2qs

is a bound state for [{2) = 37 + 6 sech’qy, with eigenvalue u? = 1. When m = 1, the eigenfunc-
tion

", = sech?
Vi sinh 242 q
is the second bound state for 7 52), with eigenvalue M% =4,
The “Rational” potentials. With w,, = — (”;Ll]), we obtain the “rational” potentials (28). We

have the same eigenfunctions (35) of Ly, but now the form of D, is different. Dy now generates

Y = <2mm _ 1> eHman _

q1 (sinh 2¢gp )™ ’
s o (200 =081 = 1Y oy, cosh2gs
2! q1 (sinh 2go)™
Now using the Darboux transformation D, we find
2.2
o = dm*°qy — 6mq +3 J2ma, R
" 7 (sinh 2¢,)"°
o —om (20— 1%t —60m = 1)g1 +3) gu-ng, _c03h 24>
22 q (sinh 2g2)"”

5.2. Thecase D =F +w

Since K = F,
1D =DF, with D=D, ;D
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SO
2 (n)
Fyl' =y, = 1 w{’"n = wﬁ-ln’ foreach n.

The first three eigenfunctions of Ly are

@) m —2ma(qi — g !
Vi =——7 —> vy = o :
VSt q1
g 2m(@m = g3 — g2 — g3)"2
3 — m .

q1

We consider two examples of Darboux transformation.

The “rational” potentials. With w, = — (”;;1), we obtain the “rational” potentials (32). The

commuting operator / %") takes the form
nn+1)
G

The Darboux transformation Dy generates

(n) 2
Iln 282_

PO VT Tt i
’ 92 qt'
( 2 2)m—2
W = dm(m — 1)g} (‘“an . (36)
1

Now using the Darboux transformation D1, we find

g, m = D@m= 33 +22m —Haia3 + 34t (6} — )"
1,2 q% qun ?
( 2 2)m—3
Yy = —8m(m — 1)(m — 2)g} (‘“qqm? . (37)
1

For integer values of m, the representation of s/(2, C) is of dimension 2m + 1. In the present
case, this is easily seen, since ¥{" is a polynomial of degree 2m in g;. Since F = 9, this just
reduces the degree by 1, so /5, _ | is of degree zero and thus in the kernel of F. For integer values
of m, the maximum number of nontrivial eigenfunctions wfn is therefore 2m + 1. However, it
can be seen in the above formulae that some members of the sequence can be rendered zero by
the Darboux transformation. In fact, since

D) =(N=2n+1),...,(N=3)N - g} ™",

we see that Dqév =0,forN =1,3,...,2n — 1(oddvalues only). Since WT only contains terms of
even degree, wTkH’ k=0, ..., m,only contain terms of even degree, whilst w’z’;{, k=1,...,m,
only contain odd terms. More precisely, wg"(nF k) k=0,...,m— 1, contains odd degrees up to
2k 4+ 1, so is first rendered zero by D when n = k 4 1. Furthermore, if n < m, then wg’;m_n)

is a linear combination of g3, q%, e, q%”“ and only the highest term survives the Darboux

transformation, with

Dgy" ! = 2"nig
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After D, I = 9% — %, whose kernel is spanned by {g3"", ¢;"}, so Ii")l//z’"(m_n) , =0.The
2 :

action of 1" on eigenfunctions is therefore
(n) ,
Ly, = vs, == Vo, — 0,
(n) .
I ngn - I/ff{fn — 1//5"(,",,1)’,[ — 0, for n<m.

When n > m, all the “even numbered” eigenfunctions are zero.

The Adler-Moser rational potentials. This is just a deformation (with parameter ¢1) of the
previous case. The general structure and formulae are the same, but the explicit formulae look
very different. The first Darboux transformation and potential function are just the same (since
wy = — qiz), so the eigenfunctions 1//;’"1 are identical to those of (36). However, the second Darboux
transformation introduces the parameter #1, which deforms the eigenfunctions (37):

o = (¢} — g1 15(0) + fr s (1)
2 — m 3 .
6]1 qz + tl

For instance, fori = 1, 2, we have
¥12(0) = g2(2m — D2m = 3)g3 +22m = 3aiq3 +3q}),
Yi'a(1) = 2m (2m — g5 — q1), Y5'2(0) = —8m(m — 1)(m — 2)g5,
Y5a(1) = —4m(m — Dg2(2m — D3 — 3q7).
When #; = 0, these reduce to (37).

5.3. The case D = E + w

There is no need to study this case in detail, since it is related through the involution (13) to
the previous case, as already noted. Since

2 2\ "

q1 — 4 _

¢T=< L 2) ququm
q1

and since
E < F,

we obtain the same sequence of eigenfunctions for the Laplace—Beltrami operator (which is
invariant under the involution). Furthermore, the Darboux transformations have the same form,
so they produce the same collection of eigenfunctions for the Darboux related operators (but in
reverse order).

In the x—y coordinates, the formulae will be different.

6. Super-integrable cases
In two dimensions it is enough to have just one operator which commutes with L, in order to

proclaim complete integrability. For separable potentials the problem of calculating eigenfunc-
tions is reduced to analysing ordinary differential equations, but nothing explicit can be calculated



A.P. Fordy / Journal of Geometry and Physics 56 (2006) 1709-1727 1723

without further assumptions. The special potentials considered in this paper were obtained through
Darboux transformations, which give us a tool for explicitly constructing eigenfunctions.

Another special class of potentials can be found, with the property of being separable in
two different coordinate systems. These are characterised by the existence of an additional,
independent operator, which commutes with L. The three operators will not, of course, be in
involution. The additional commuting operator may be just a Killing vector of Ly, in which case
the potential has a geometric symmetry. A more interesting case is when there exists an additional
second-order commuting operator.

If we require that two of our chosen operators I; should commute with L, then the potential
function must satisfy two sets of integrability conditions. In this case, the two arbitrary functions
in our previous examples are fixed up to a finite number of parameters. In the x—y coordinates,
the resulting potential functions are rational.

Example 6.1 (The Killing tensors H? and E?). Requiring both I} = H? +v;and I, = E2 + v,
to commute with L means that the potential function u(x, y) must satisfy both Egs. (7) and (9).
The resulting operators are

c c -1 X
L=Lb+—0—i-—l—i-c2y2 ) 11=E2—4<cl+c2y>,
X y X y X

2
L=H>—16 (co (yx_1> o (y;1> ) . (38)

This L can be gauged to the form
L = X297 + 2xydidy + (3> — )33 + (bx + €1)d; + (by + €2)dy.

which is one of the class of operators introduced by Krall and Sheffer [9] in the context of
orthogonal polynomials in two dimensions. It was shown in [5] that the operators /] and I, can
be used to build sequences of polynomial eigenfunctions for this gauged form of L.

Example 6.2 (The Killing tensors H2 and F?). Now the potential function u(x, y) must satisfy
Eqgs. (7) and (11). The resulting operators are

L=L+ X +c1+ x2
=LpTC 5 T T,
y—-1% vy (y—13
—1)?
11=F2—4<Cl o ) + 24 2>,
xy -1

L=H>—16 L x 39
)= co - + =1 . (39)

Example 6.3 (The Killing tensors E> and F?). Now the potential function «(x, y) must satisfy
Egs. (9) and (11). The resulting operators are
—1)?
LeLy+ St =40 =R —10 ") (40)
y y Xy
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Remark 6.1. Under the involution (14), cases (38) and (39) interchange, with case (40) being
invariant. The operators exchange in the obvious way, reflecting the Lie algebra automorphism
E<~ F,H— —H.

Not all of the above super-integrable cases are Darboux related to Ly, but some are. This is
best seen in separation coordinates.

Example 6.4 (Case (38)). We write the operators (38) in the separation coordinates of (10):

_l 2 (a2 41 2 2 1 2
L=—q7|9 82 +4co+ — + 4cz(q2 q7) |, L =0,—-4 5+ ).
4 ‘]2 q3
I = 4(q101 + 22)* — 16(co(q3 — ¢3) + c2(q5 — 4. (41)

This L can only be obtained from Ly, through Darboux transformation if cg = ¢; = 0, in which
case L is also of type (40). This means that, as well as the operators (41) (with co = ¢ = 0), this
L also commutes with

(45 — 1)’ (45 — 1)’
26]721 = Qq19201 + (q7 + §2)%)* — 4c) 251721'
2 2

I; = F? — 4¢

Under the involution (13), L and I, are invariant in this reduction, with I} <> I3. Since I, = H?
in this reduction, we may replace it by H. These three operators, for arbitrary c, satisfy the
commutation relations of a polynomial extension of si(2, C):

[H I(Cl)] — 4[{51) [H I(Cl)] I(Cl)
1V, 1€7] = 2(8¢; — )H — H? + 16HL,;.
They also satisfy the relation:

1 1
LI+ LI — §H4 +4H?L — 3217 + 5(Scl — 5)H? + 16(4c; + 1)L = 16¢1(2¢; — 1).

For the values ¢; = }tn(n + 1), this sequence of operators is related to Ly through two se-
quences of Darboux transformations. Define

Ln=i4%<%—3%+n(njl)), Lo = L, Df=32—n+l,
q; q2
D} = =2q19201 — (g7 + 43)02 — (n + 1)(q2 - )
These satisfy the isospectral Darboux relations
L,.DEf=DFL, L, DF=DFL,, 1O pE — pE

(n+1) HF F ()
LDy =D, Y.
The Darboux operators satisfy the following commutation relations

[H,DF]=2DE,  [H,DF]=2DF [Df.Dy1=H

ﬂ’
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Remark 6.2. Sinceu = —n(n + 1)q, Zisa stationary solution of the higher KdV flows (starting
with the flow of order 2n + 1), we can also build higher order operators which commute with
both L, and Y’). For instance, when n = 1, the third-order operator

; 3 3
14 = 8‘2 —_ 782 + 73
qs 9>
has this property. This is Darboux related to E3 = 83 through Dg and satisfies the relation If =1 13
Under the involution, I is related to an operator /s, related to F3 through Dg , and this commutes
with both 7{" and L.

Example 6.5 (The quantum harmonic oscillator). Consider again case (41). Whilst this is not
Darboux related to Ly, for non-zero cg, c2, it can be so related to the quantum harmonic oscillator.
We can adjust the values of ¢, c; by scaling transformations, whilst ¢ is derived from a Darboux
transformation. Consider the operator

1 nn+1) nn+1)
Ln=q%(a%—a§+2(1—n)+q§—q%+ — — —— ,
4 a; qi
the last term just being an additive constant, which adjusts the eigenvalue. With these specific
values of the parameters, we have commuting operators:
nn+1)
@

IV = 4(q101 + q202)* — 8(1 — n)(qg5 — q}) + 4(g3 — ¢)*.

The operators L, and / ;") satisfy the following Darboux relations:

=0 -201-n)—q} -

. n+1
Lyt1Dy=DyL,,  1""VD, =D,1", with D, =9 —qr— .
q2
When n = 0, the system (with zero eigenvalue) separates into a pair of guantum harmonic oscil-

lators:

F —aDe1 = ner,
(35 — g3)p2 = (1 + )2
Using the standard ladder operators

AF =09 +q; satisfying [0} — g7, AF] = +2AF,

} = Lo(p192) = 0. (42)

we have
O — qDpi = roi = (OF — ) AT @) = (L £ 2)(AF ).
Starting with
(pil = e_(l/z)qiz, satisfying Al?"<pl.1 =0 and (81'2 — 6152)%1 = _¢l,1’
we use A;” to build a sequence of eigenfunctions
_ _ _ _ 2
¢ = A" ol = D" Hya(gie VP

satisfying (97 — g>)¢" = (1 — 2m)¢"",
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where H,,(z) is the Hermite polynomial of degree m. We then use (42) to build the sequence of
eigenfunctions

_ 24 2 . .
Umo = @8 = —Hy_1(q1)Hu(g2)e™VPNTR)  satisfying  Loym,o = 0.

The eigenfunctions of L, are then built through the Darboux transformation

1
1ﬁm,n =Dy_1,..., DO‘ﬁm,O = Lnl//m,n = Z”(n + 1)‘pm,n

The functions v, , are also eigenfunctions of I{"), since this is isospectrally related to Iio),

which is itself one of the one-dimensional harmonic oscillators. On the other hand, the operators
Ié") are not related through the Darboux transformations, but do appear to act as Ién)wm,n =
Um+2.n + > iy aiVin, and thus as ladder operators.

7. Conclusions

In this paper we considered the Laplace—Beltrami operator of a two-dimensional constant
curvature space, whose symmetry algebra is s/(2, C). This high degree of symmetry is lost when
potential functions are added and generally there would not exist any commuting operators. We
used Darboux transformations to build potential functions for which there do exist commuting
operators and, more importantly, whose spectrum and eigenfunctions can be explicitly calculated.

In this paper we only used first-order Darboux transformations, which automatically lead
to separable potentials. However, the existence of Darboux transformations is much stronger
than separability. The latter reduces a multi-dimensional Schrodinger equation to a collection
of one-dimensional ones, but these are not themselves guaranteed to be exactly solvable, but
are in the Darboux case. The Darboux transformation itself separates, with part of it lead-
ing to the Bicklund chain for the KdV hierarchy. This meant that in the separated coordi-
nates the potential functions were built out of the well known special solutions of the KdV
hierarchy. We saw in the case of the Adler—Moser rational solutions (33), that the KdV equa-
tion is actually isospectral to our augmented Laplace—Beltrami operator. This phenomenon is
not, of course, restricted to this particular solution of the KdV equation. Any solution of the
KdV equation (or any equation in its hierarchy) can be used as a separated potential function.
Whilst these are only 1 + 1 dimensional equations, the spatial derivative can be taken in the
direction of any of our Killing vectors, with a constraint along the other separation coordinate
curve.

An interesting generalisation would be to use second or higher order Darboux transformations,
which should lead to non-separable potentials. A further generalisation is to consider non-trivial
electromagnetic terms (see, for example, [4,5]).

The approach is not restricted to two-dimensional spaces. The symmetry algebra of a higher
dimensional space would generally be more interesting and the weight spaces would no longer be
one-dimensional. Even first-order Darboux transformations could lead to non-separable potentials
in higher dimensions.
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